The DNA helices are taken as the canonical B-form and are produced from the previously developed grooved primitive model [1] . The grooved primitive model retains a high degree of realistic helical structure and phosphate charge distribution of DNA [2] , and is tractable for analytical statistical mechanical theories
• , 0.78 Å) for the second strand, respectively. The neutral spheres have the same angular coordinates except they have the smaller radial coordinates 5.9Å [1, 3, 4, 5] . Every phosphate sphere carry a negative elementary charge −q at its center. In the way, a B-DNA helix is constructed; see Fig. 1 .
Tightly bound ion model Tightly bound ion and tightly bound region
According to the strength of ion-ion correlation, we classify the ions into two types: the (strongly correlated) tightly bound ions and the (weakly correlated) diffusive ones [3] - [4] . Correspondingly, the solution is divided into two regions: the tightly bound region and the diffusive region. For the (weakly correlated) diffusive ions, we use PB; while for the (strongly correlated) tightly bound ions, we use a separate treatment in order to account for the ion-ion correlations.
The boundary between the two regions is defined by the following two criteria for the ion-ion correlations [3] - [5] :
2a ws (r) ≤ 2(r c + ∆r),
where zq is the charge of cations, is the dielectric constant of solute, r c is the cation radius, ∆r is the mean displacement of ions fluctuated from their equilibrium positions, and 2(a ws (r) − ∆r) is the closest distance between two ions before they overlap. a ws (r) is the Wigner-Seitz radius which is given by the cation concentration c(r) in excess of the bulk concentration c 0 [8] .
The first and second criteria are to characterize the strong Coulombic and excluded volume correlations, respectively. Γ c is chosen to be 2.6 according to gas-liquid transition point in ionic systems [9] - [11] , and we choose ∆r/d 0.1 as the melting point for the correlated structure according to Lindemann's melting theory [12] - [14] . The ions which satisfy either of the above two criteria (Eq. 1) are characterized as the (strongly correlated) tightly bound ions, and the tightly bound region can be determined by the ion concentration c(r). As an approximation, c(r) can be obtained from the non-linear PB equation .
where α denotes the ion species, z α q is the charge of the ion, c 0 α is the bulk ion concentration. ρ f is the charge density of the fixed charges, 0 is the permittivity of vacuum and ψ(r) is the electrostatic potential at r. In our previous work, we have developed a three-dimensional finite-difference algorithm to numerically solve non-linear PB [3] , and thus the tightly bound region can be quantitatively and unambiguously determined [3] - [5] . Fig. 8 shows the examples of tightly bound region around two DNA helices.
Partition function
For a N-bp nucleic acid model, the whole tightly bound region is divided into into 2N cells, each around a phosphate. In a tightly bound cell, e.g., i, there can exist m i = 0, 1, 2... tightly bound ions. The set of the 2N numbers m 1 , m 2 , ..., m 2N defines a binding mode for the N-bp molecule. The total partition function Z is given by the summation over all the possible binding modes M:
where Z M is the partition function for a given binding mode M [3] - [5] :
Here, Z (id) is the partition function for the uniform solution without the polyelectrolyte. c + denotes the total counterion concentration. N b is the number of tightly bound ions for the mode, and R i denotes the position of the i-th bound ion. The configurational integral
i=1 dR i provides a measure for the free accessible space for N b tightly bound ions.
∆G b in Eq. 7 is the electrostatic free energy of the charges inside the tightly bound region (including phosphate charges and tightly bound ions), and ∆G b is calculated from the full Coulombic interactions between all the charge-charge pairs in the tightly bound region [3] - [5] :
where Φ 1 (i) and Φ 2 (i, j) are the potentials of mean force for the intra-cell and inter-cell Coulomb interactions, respectively. Φ 1 (i) and Φ 2 (i, j) are calculated by averaging over all the possible positions R i of the tightly bound ions in the cells [3] -[5]
where u ii is the Coulomb interactions between the charges in cell i, and u i j is the Coulomb interactions between the charges in cell i and in cell j. ∆G d in Eq. 7 is the free energy for the electrostatic interactions between the diffusive ions and between the diffusive ions and the charges inside the tightly bound region (phosphate charges plus tightly bound ions). For ∆G d , using the results of mean-field method [15, 16] , we have [3] - [5] :
where the two integrals correspond to the enthalpic and entropic parts of the free energy, respectively. ψ (r) is the electrostatic potential for the system without the diffusive salt ions. ψ (r) is used here because ψ(r)−ψ (r) gives the contribution of the diffusive ions to the total electrostatic potential. ψ(r) and ψ (r) are obtained from the non-linear PB (with salt) and the Poisson equation (without salt), respectively. The electrostatic free energy G E (x, θ) for a conformation (x, θ) of nucleic acid model can be given by
Therefore, with the use of the TBI theory, the electrostatic free energy landscape for two nucleic acid helices can be calculated, for given nucleic acid structure and ionic condition.
Numerical computation of tightly bound ion model
The computation process of the electrostatic free energy for two helices with the TBI theory can be summarized in the following steps [3] - [5] . First, for two (or three) nucleic acid helices in salt solution, we solve the non-linear PB to obtain the ion distribution c(r) around the molecule, from which we determine the tightly bound region through Eq. 1. Second, we compute the pair-wise potentials of mean force Φ 1 (i) and Φ 2 (i, j) for different cells (i and j's) by averaging over all the possible positions of the tightly bound ions inside the respective tightly bound cells. In the calculations for Φ 1 and Φ 2 , the excluded volumes between molecules and ions and between ions are accounted for by using a Lenard-Jones potential [5] . The (i, j) is over all the pairs of the tightly bound cells for the two (or three) helices, and thus the potentials of mean force are molecular structure (charges and excluded volumes) and ion (valency and size) dependent. The calculated potentials of mean force are tabulated and stored for the calculations of partition function. Third, we enumerate the possible binding modes and calculate free energy for each modes using Eq. 7. Summation over the binding modes gives the total partition function Z (Eq. 6), from which we can calculate the electrostatic free energy for the helices. For long nucleic acid molecules, the exhaustive computation for all binding modes is impractical due to the huge number of binding modes. To treat the system of long helices, we have developed a numerical method by using an approximate treatment for the low-probability (i.e., small p M ) modes, as described in detail in Ref. [5] . 
